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Abstract
We consider a market in which both suppliers and consumers compete for a product via
scalar-parameterized supply offers and demand bids. Scalar-parameterized offers/bids are ap-
pealing due to their modeling simplicity and desirable mathematical properties with the most
prominent being bounded efficiency loss and price markup under strategic interactions. Our
model incorporates production capacity constraints and minimum inelastic demand require-
ments. Under perfect competition, the market mechanism yields allocations that maximize
social welfare. When market participants are price-anticipating, we show that there exists a
unique Nash equilibrium, and provide an efficient way to compute the resulting market allo-
cation. Moreover, we explicitly characterize the bounds on the welfare loss and prices observed
at the Nash equilibrium.
1 Introduction
The distinction between consumers and producers in marketplaces is increasingly fading. In the
retail electricity sector, increased consumer participation—either as generation suppliers or price-
responsive demanders—is driving the emergence of a digital platform marketplace where end-
use customers can engage in transcations coordinated via a central entity or market manager as
proposed in Tabors et al. (2016). Similar digital marketplaces have emerged in the areas of ride-
sharing (Uber, Lyft), lodging (Airbnb), online retail and trading auctions (Amazon, Ebay) etc. A
common feature of these multi-sided marketplaces is a collection of agents who can take up the
mantle of being suppliers or consumers while the market clears through a centralized mechanism,
often operated by a market manager. Motivated by these transformations, in this paper we study
a two-sided market with a finite number of suppliers that compete to supply a product to price-
responsive consumers. Our focus is on uniform price markets that clear through a centralized
mechanism that sets a single per-unit price on the product for all participants. Every consumer
(supplier) expresses her willingness to buy (offer) via a demand bid (supply offer) that fully char-
acterizes her demand (supply) quantity at a given market price. We investigate the following
market design question: What is the right mechanism that allows market actors sufficient flexibility to
declare their willingness to offer/buy such that it yields efficient allocations, i.e., an allocation that maxi-
mizes social welfare?
The seminal work by Klemperer and Meyer (1989) demonstrated that in the absence of un-
certainty there exist an enormous multiplicity of equilibria in supply functions. Hence, there is a
need to resort to stylized offer/bid functions that appropriately restrict the family of supply offers
and demand bids which the market actors are allowed to utilize. The well-known Bertrand and
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Cournot competition models are examples of simple (degenerate) supply offer strategies in mar-
kets with uniform prices. However, the Bertrand model typically assumes that each participant is
willing to supply the entire demand, which may not be satisfied in a number of cases. Variations of
the Bertrand model with capacity constraints have been proposed, however, in such settings pure
Nash equilibria may not exist as shown in Shubik (1959). The Cournot model has a number of ap-
pealing properties when studying oligopolies in markets with relatively high demand elasticity.
However, when demand elasticity is low Cournot competition may exhibit arbitrarily high wel-
fare loss (see Day et al. (2002)). Furthermore, pure quantity or price competition cannot adequately
represent markets with more complicated offer structures. An example of such markets are day-
ahead wholesale electricity markets that operate either as pools or power exchanges. In these
markets, power producers submit offers to supply varying quantities at succesively higher prices
and the demand side specifies the quantity willing to purchase at succesively lower prices. Linear
supply functions is another candidate family of functions to model strategic interactions among
suppliers. However, the work of Baldick et al. (2004) illustrates that it is not straightforward to
incorporate capacity constraints into linear supply offers. Moreover, arbitrary high efficiency loss
at the Nash equilibrium is possible, particularly when suppliers have highly heterogeneous cost
functions (see Li et al. (2015)).
In this work, we restrict our attention on a specific family of supply offers and demand bids,
referred to as scalar-parameterized supply functions, studied by Johari and Tsitsiklis (2003) and
Johari and Tsitsiklis (2011) in markets with inelastic supply and demand respectively. The spe-
cific family of offer/bid functions allows market actors to have one-dimensional action spaces,
when faced with a single market price. Such market mechanisms are simple to implement and are
considered to be fair among market participants. Moreover, the work of Johari et al. (2004) and
Johari and Tsitsiklis (2011) showed that such supply offers possess a number of attractive proper-
ties including bounded Price of Anarchy and price markups at the Nash equilibrium. The family
of supply functions considered here is a capacitated version of those introduced by Johari and
Tsitsiklis (2011) that have been studied by Xu et al. (2016) and Lin and Bitar (2017) under perfectly
inelastic demand. Such supply functions prohibit situations where firms can offer in the market
beyond their means.
In this paper, we aim to study the most general setting: a two-sided market where both supply
and demand compete through supply offers and demand bids, which we present in Section 2.
In sections 3 and 4, we characterize the market outcome in situations when all market actors
are (i) pure price-takers and (ii) price-anticipating. We show that under perfect competition our
market mechanism yields allocations that maximize social welfare. When both sides of the market
are price-anticipating, the misrepresentation of private information has the potential to induce
market allocations that are suboptimal to the efficient outcome. However, our analysis in Section
5 indicates that both the welfare loss and the price markup at the Nash equilibrium are bounded.
Numerical experiments in Section 6 illustrate the main insights of the analysis. Section 7 concludes
the paper. All proofs are provided in the Appendix.
Notation: Let R denote the set of real numbers and R+ the set of non-negative real numbers.
Denote the transpose of a vector x ∈ Rn by xT. Let x−i = (x1, . . . , xi−1, xi+1, . . . , xn) ∈ Rn−1 be
the vector including all but the ith element of x. Finally, denote by 1 the vector of all ones with
appropriate size.
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<latexit sha1_base64="S7+gt3oGTmaS48 cOUax7TQz/4w4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtM u3WzC7kQoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hJYdB1v53K2vrG5lZ1u7azu7d/U D886pg014z7LJWp7obUcCkU91Gg5N1Mc5qEkj+G49tZ/fGJayNS9YCTjAcJHSoRC0bRWn40 KNzpoN5wm+5cZBW8EhpQqj2of/WjlOUJV8gkNabnuRkGBdUomOTTWj83PKNsTIe8Z1HRhJu gmC87JWfWiUicavsUkrn7e6KgiTGTJLSdCcWRWa7NzP9qvRzj66AQKsuRK7b4KM4lwZTMLi eR0JyhnFigTAu7K2EjqilDm0/NhuAtn7wKnYumZ/n+stG6KeOowgmcwjl4cAUtuIM2+MBAw DO8wpujnBfn3flYtFaccuYY/sj5/AGwI46X</latexit><latexit sha1_base64="S7+gt3oGTmaS48 cOUax7TQz/4w4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtM u3WzC7kQoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hJYdB1v53K2vrG5lZ1u7azu7d/U D886pg014z7LJWp7obUcCkU91Gg5N1Mc5qEkj+G49tZ/fGJayNS9YCTjAcJHSoRC0bRWn40 KNzpoN5wm+5cZBW8EhpQqj2of/WjlOUJV8gkNabnuRkGBdUomOTTWj83PKNsTIe8Z1HRhJu gmC87JWfWiUicavsUkrn7e6KgiTGTJLSdCcWRWa7NzP9qvRzj66AQKsuRK7b4KM4lwZTMLi eR0JyhnFigTAu7K2EjqilDm0/NhuAtn7wKnYumZ/n+stG6KeOowgmcwjl4cAUtuIM2+MBAw DO8wpujnBfn3flYtFaccuYY/sj5/AGwI46X</latexit><latexit sha1_base64="S7+gt3oGTmaS48 cOUax7TQz/4w4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtM u3WzC7kQoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hJYdB1v53K2vrG5lZ1u7azu7d/U D886pg014z7LJWp7obUcCkU91Gg5N1Mc5qEkj+G49tZ/fGJayNS9YCTjAcJHSoRC0bRWn40 KNzpoN5wm+5cZBW8EhpQqj2of/WjlOUJV8gkNabnuRkGBdUomOTTWj83PKNsTIe8Z1HRhJu gmC87JWfWiUicavsUkrn7e6KgiTGTJLSdCcWRWa7NzP9qvRzj66AQKsuRK7b4KM4lwZTMLi eR0JyhnFigTAu7K2EjqilDm0/NhuAtn7wKnYumZ/n+stG6KeOowgmcwjl4cAUtuIM2+MBAw DO8wpujnBfn3flYtFaccuYY/sj5/AGwI46X</latexit><latexit sha1_base64="S7+gt3oGTmaS48 cOUax7TQz/4w4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgqmFNpTNZtM u3WzC7kQoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5hJYdB1v53K2vrG5lZ1u7azu7d/U D886pg014z7LJWp7obUcCkU91Gg5N1Mc5qEkj+G49tZ/fGJayNS9YCTjAcJHSoRC0bRWn40 KNzpoN5wm+5cZBW8EhpQqj2of/WjlOUJV8gkNabnuRkGBdUomOTTWj83PKNsTIe8Z1HRhJu gmC87JWfWiUicavsUkrn7e6KgiTGTJLSdCcWRWa7NzP9qvRzj66AQKsuRK7b4KM4lwZTMLi eR0JyhnFigTAu7K2EjqilDm0/NhuAtn7wKnYumZ/n+stG6KeOowgmcwjl4cAUtuIM2+MBAw DO8wpujnBfn3flYtFaccuYY/sj5/AGwI46X</latexit>
(a)
p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t 7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fP cxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ 4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t 7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fP cxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ 4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t 7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fP cxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ 4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t 7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fP cxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ 4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>
1
<latexit sha1_base64="9pWZUGYxDn2BQf0RhAHijyj1F24=">AAAB7nicb ZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/QhrLZbtqlm03YnQgh9Ed48aCIV3+PN/+NmzYHbX1h4eGdGXbmDRIpDLrut7O2vrG5tV3Zqe7u7R8c1o6OOyZ ONeNtFstY9wJquBSKt1Gg5L1EcxoFkneD6V1R7z5xbUSsHjFLuB/RsRKhYBSt1R0IFWJWHdbqbsOdi6yCV0IdSrWGta/BKGZpxBUySY3pe26Cfk41Cib5rDpID U8om9Ix71tUNOLGz+frzsi5dUYkjLV9Csnc/T2R08iYLApsZ0RxYpZrhflfrZ9ieOPnQiUpcsUWH4WpJBiT4nYyEpozlJkFyrSwuxI2oZoytAkVIXjLJ69C57L hWX64qjdvyzgqcApncAEeXEMT7qEFbWAwhWd4hTcncV6cd+dj0brmlDMn8EfO5w/4zY9Q</latexit><latexit sha1_base64="9pWZUGYxDn2BQf0RhAHijyj1F24=">AAAB7nicb ZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/QhrLZbtqlm03YnQgh9Ed48aCIV3+PN/+NmzYHbX1h4eGdGXbmDRIpDLrut7O2vrG5tV3Zqe7u7R8c1o6OOyZ ONeNtFstY9wJquBSKt1Gg5L1EcxoFkneD6V1R7z5xbUSsHjFLuB/RsRKhYBSt1R0IFWJWHdbqbsOdi6yCV0IdSrWGta/BKGZpxBUySY3pe26Cfk41Cib5rDpID U8om9Ix71tUNOLGz+frzsi5dUYkjLV9Csnc/T2R08iYLApsZ0RxYpZrhflfrZ9ieOPnQiUpcsUWH4WpJBiT4nYyEpozlJkFyrSwuxI2oZoytAkVIXjLJ69C57L hWX64qjdvyzgqcApncAEeXEMT7qEFbWAwhWd4hTcncV6cd+dj0brmlDMn8EfO5w/4zY9Q</latexit><latexit sha1_base64="9pWZUGYxDn2BQf0RhAHijyj1F24=">AAAB7nicb ZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/QhrLZbtqlm03YnQgh9Ed48aCIV3+PN/+NmzYHbX1h4eGdGXbmDRIpDLrut7O2vrG5tV3Zqe7u7R8c1o6OOyZ ONeNtFstY9wJquBSKt1Gg5L1EcxoFkneD6V1R7z5xbUSsHjFLuB/RsRKhYBSt1R0IFWJWHdbqbsOdi6yCV0IdSrWGta/BKGZpxBUySY3pe26Cfk41Cib5rDpID U8om9Ix71tUNOLGz+frzsi5dUYkjLV9Csnc/T2R08iYLApsZ0RxYpZrhflfrZ9ieOPnQiUpcsUWH4WpJBiT4nYyEpozlJkFyrSwuxI2oZoytAkVIXjLJ69C57L hWX64qjdvyzgqcApncAEeXEMT7qEFbWAwhWd4hTcncV6cd+dj0brmlDMn8EfO5w/4zY9Q</latexit><latexit sha1_base64="9pWZUGYxDn2BQf0RhAHijyj1F24=">AAAB7nicb ZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjxWsB/QhrLZbtqlm03YnQgh9Ed48aCIV3+PN/+NmzYHbX1h4eGdGXbmDRIpDLrut7O2vrG5tV3Zqe7u7R8c1o6OOyZ ONeNtFstY9wJquBSKt1Gg5L1EcxoFkneD6V1R7z5xbUSsHjFLuB/RsRKhYBSt1R0IFWJWHdbqbsOdi6yCV0IdSrWGta/BKGZpxBUySY3pe26Cfk41Cib5rDpID U8om9Ix71tUNOLGz+frzsi5dUYkjLV9Csnc/T2R08iYLApsZ0RxYpZrhflfrZ9ieOPnQiUpcsUWH4WpJBiT4nYyEpozlJkFyrSwuxI2oZoytAkVIXjLJ69C57L hWX64qjdvyzgqcApncAEeXEMT7qEFbWAwhWd4hTcncV6cd+dj0brmlDMn8EfO5w/4zY9Q</latexit>
si
<latexit sha1_base64="LvvAcsl1TJ/f36IhbqueApw1HXw=">AAAB6nic bZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4e tUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQfTF3236tW8ucgq+AVUoVCj7371BgnLYq6QSWpM1/dSDHKqUTDJp5Ve ZnhK2ZgOedeiojE3QT5fdUrOrDMgUaLtU0jm7u+JnMbGTOLQdsYUR2a5NjP/q3UzjK6DXKg0Q67Y4qMokwQTMrubDITmDOXEAmVa2F0JG1FNGdp0KjYEf/nk VWhd1HzL95fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cj5/AFj0jdM=</latexit><latexit sha1_base64="LvvAcsl1TJ/f36IhbqueApw1HXw=">AAAB6nic bZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4e tUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQfTF3236tW8ucgq+AVUoVCj7371BgnLYq6QSWpM1/dSDHKqUTDJp5Ve ZnhK2ZgOedeiojE3QT5fdUrOrDMgUaLtU0jm7u+JnMbGTOLQdsYUR2a5NjP/q3UzjK6DXKg0Q67Y4qMokwQTMrubDITmDOXEAmVa2F0JG1FNGdp0KjYEf/nk VWhd1HzL95fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cj5/AFj0jdM=</latexit><latexit sha1_base64="LvvAcsl1TJ/f36IhbqueApw1HXw=">AAAB6nic bZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4e tUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQfTF3236tW8ucgq+AVUoVCj7371BgnLYq6QSWpM1/dSDHKqUTDJp5Ve ZnhK2ZgOedeiojE3QT5fdUrOrDMgUaLtU0jm7u+JnMbGTOLQdsYUR2a5NjP/q3UzjK6DXKg0Q67Y4qMokwQTMrubDITmDOXEAmVa2F0JG1FNGdp0KjYEf/nk VWhd1HzL95fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cj5/AFj0jdM=</latexit><latexit sha1_base64="LvvAcsl1TJ/f36IhbqueApw1HXw=">AAAB6nic bZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4e tUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorQfTF3236tW8ucgq+AVUoVCj7371BgnLYq6QSWpM1/dSDHKqUTDJp5Ve ZnhK2ZgOedeiojE3QT5fdUrOrDMgUaLtU0jm7u+JnMbGTOLQdsYUR2a5NjP/q3UzjK6DXKg0Q67Y4qMokwQTMrubDITmDOXEAmVa2F0JG1FNGdp0KjYEf/nk VWhd1HzL95fV+k0RRxlO4BTOwYcrqMMdNKAJDIbwDK/w5kjnxXl3PhatJaeYOYY/cj5/AFj0jdM=</latexit>
p(si)
<latexit sha1_base64="prPaoohd/nGbDRVDHl9W8gjW6Gk=">AAAB7XicbZDLSgMx FIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NpOEJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f6Q4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmZakKbRHKpOxE2lDNBm5Z ZTjtKU5xEnLaj8e2s3n6i2jApHuxE0TDBQ8FiRrB1VktVTZ+d98sVv+bPhVYhyKECuRr98ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh0KnFATZvNtp+jMOQMUS+2es Gju/p7IcGLMJIlcZ4LtyCzXZuZ/tW5q4+swY0Kllgqy+ChOObISzU5HA6YpsXziABPN3K6IjLDGxLqASi6EYPnkVWhd1ALH95eV+k0eRxFO4BSqEMAV1OEOGtAEAo/wDK/w5knv xXv3PhatBS+fOYY/8j5/APBQjrI=</latexit><latexit sha1_base64="prPaoohd/nGbDRVDHl9W8gjW6Gk=">AAAB7XicbZDLSgMx FIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NpOEJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f6Q4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmZakKbRHKpOxE2lDNBm5Z ZTjtKU5xEnLaj8e2s3n6i2jApHuxE0TDBQ8FiRrB1VktVTZ+d98sVv+bPhVYhyKECuRr98ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh0KnFATZvNtp+jMOQMUS+2es Gju/p7IcGLMJIlcZ4LtyCzXZuZ/tW5q4+swY0Kllgqy+ChOObISzU5HA6YpsXziABPN3K6IjLDGxLqASi6EYPnkVWhd1ALH95eV+k0eRxFO4BSqEMAV1OEOGtAEAo/wDK/w5knv xXv3PhatBS+fOYY/8j5/APBQjrI=</latexit><latexit sha1_base64="prPaoohd/nGbDRVDHl9W8gjW6Gk=">AAAB7XicbZDLSgMx FIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NpOEJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f6Q4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmZakKbRHKpOxE2lDNBm5Z ZTjtKU5xEnLaj8e2s3n6i2jApHuxE0TDBQ8FiRrB1VktVTZ+d98sVv+bPhVYhyKECuRr98ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh0KnFATZvNtp+jMOQMUS+2es Gju/p7IcGLMJIlcZ4LtyCzXZuZ/tW5q4+swY0Kllgqy+ChOObISzU5HA6YpsXziABPN3K6IjLDGxLqASi6EYPnkVWhd1ALH95eV+k0eRxFO4BSqEMAV1OEOGtAEAo/wDK/w5knv xXv3PhatBS+fOYY/8j5/APBQjrI=</latexit><latexit sha1_base64="prPaoohd/nGbDRVDHl9W8gjW6Gk=">AAAB7XicbZDLSgMx FIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NpOEJCOUoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f6Q4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmZakKbRHKpOxE2lDNBm5Z ZTjtKU5xEnLaj8e2s3n6i2jApHuxE0TDBQ8FiRrB1VktVTZ+d98sVv+bPhVYhyKECuRr98ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh0KnFATZvNtp+jMOQMUS+2es Gju/p7IcGLMJIlcZ4LtyCzXZuZ/tW5q4+swY0Kllgqy+ChOObISzU5HA6YpsXziABPN3K6IjLDGxLqASi6EYPnkVWhd1ALH95eV+k0eRxFO4BSqEMAV1OEOGtAEAo/wDK/w5knv xXv3PhatBS+fOYY/8j5/APBQjrI=</latexit>
0
<latexit sha1_base64="bF/tCOt35JuXAtaLRJlPHrK9nqg=">AAAB8XicbZBN SwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbms2GJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGynBjfX9b6+wtr6xuVXcLu3s7u0flA+PmiZJNWUNmohE tyM0THDJGpZbwdpKM4wjwVrR+HZWbz0xbXgiH+xEsTDGoeQDTtE667E7RqWwl/nTXrniV/25yCoEOVQgV71X/ur2E5rGTFoq0JhO4CsbZqgtp4JNS93UMIV0jEPWcSgx ZibM5htPyZlz+mSQaPekJXP390SGsTGTOHKdMdqRWa7NzP9qndQOrsOMS5VaJunio0EqiE3I7HzS55pRKyYOkGrudiV0hBqpdSGVXAjB8smr0LyoBo7vLyu1mzyOIpzA KZxDAFdQgzuoQwMoSHiGV3jzjPfivXsfi9aCl88cwx95nz+GopDO</latexit><latexit sha1_base64="bF/tCOt35JuXAtaLRJlPHrK9nqg=">AAAB8XicbZBN SwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbms2GJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGynBjfX9b6+wtr6xuVXcLu3s7u0flA+PmiZJNWUNmohE tyM0THDJGpZbwdpKM4wjwVrR+HZWbz0xbXgiH+xEsTDGoeQDTtE667E7RqWwl/nTXrniV/25yCoEOVQgV71X/ur2E5rGTFoq0JhO4CsbZqgtp4JNS93UMIV0jEPWcSgx ZibM5htPyZlz+mSQaPekJXP390SGsTGTOHKdMdqRWa7NzP9qndQOrsOMS5VaJunio0EqiE3I7HzS55pRKyYOkGrudiV0hBqpdSGVXAjB8smr0LyoBo7vLyu1mzyOIpzA KZxDAFdQgzuoQwMoSHiGV3jzjPfivXsfi9aCl88cwx95nz+GopDO</latexit><latexit sha1_base64="bF/tCOt35JuXAtaLRJlPHrK9nqg=">AAAB8XicbZBN SwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbms2GJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGynBjfX9b6+wtr6xuVXcLu3s7u0flA+PmiZJNWUNmohE tyM0THDJGpZbwdpKM4wjwVrR+HZWbz0xbXgiH+xEsTDGoeQDTtE667E7RqWwl/nTXrniV/25yCoEOVQgV71X/ur2E5rGTFoq0JhO4CsbZqgtp4JNS93UMIV0jEPWcSgx ZibM5htPyZlz+mSQaPekJXP390SGsTGTOHKdMdqRWa7NzP9qndQOrsOMS5VaJunio0EqiE3I7HzS55pRKyYOkGrudiV0hBqpdSGVXAjB8smr0LyoBo7vLyu1mzyOIpzA KZxDAFdQgzuoQwMoSHiGV3jzjPfivXsfi9aCl88cwx95nz+GopDO</latexit><latexit sha1_base64="bF/tCOt35JuXAtaLRJlPHrK9nqg=">AAAB8XicbZBN SwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD26XMpmkbms2GJCuUpf/CiwdFvPpvvPlvTNs9aOsLgYd3ZsjMGynBjfX9b6+wtr6xuVXcLu3s7u0flA+PmiZJNWUNmohE tyM0THDJGpZbwdpKM4wjwVrR+HZWbz0xbXgiH+xEsTDGoeQDTtE667E7RqWwl/nTXrniV/25yCoEOVQgV71X/ur2E5rGTFoq0JhO4CsbZqgtp4JNS93UMIV0jEPWcSgx ZibM5htPyZlz+mSQaPekJXP390SGsTGTOHKdMdqRWa7NzP9qndQOrsOMS5VaJunio0EqiE3I7HzS55pRKyYOkGrudiV0hBqpdSGVXAjB8smr0LyoBo7vLyu1mzyOIpzA KZxDAFdQgzuoQwMoSHiGV3jzjPfivXsfi9aCl88cwx95nz+GopDO</latexit>
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Figure 1: Illustrations of the demand bid (left) and supply offer (right) structures.
2 The Market Model
We consider a market with a finite number of M consumers and N firms competing for a product.
Denote the set of consumers byM = {1, 2, . . . ,M} and the set of suppliers by N = {1, 2, . . . , N}.
Let di denote consumer i’s quantity demanded, which must be greater than a minimum inelastic
demand level denoted by d0. Let si denote the quantity supplied by firm i that must lie below
each supplier’s maximum capacity limit denoted by κ0. Each consumer receives utility Ui(di) for
consuming amount di and each firm incurs costs Ci(si) for producing quantity si. We make the
following assumption on the utility and cost functions.
Assumption 1. For each i ∈ M, Ui(di) is concave, strictly increasing and continuously dif-
ferentiable for di ≥ d0 with Ui(d0) = 0. For each i ∈ N , Ci(si) is convex, strictly increasing and
continuously differentiable with Ci(si) ≥ 0 for si ≥ 0. Over the domain si ≤ 0, Ci(si) = 0.
The aggregate welfare maximization problem is given by
maximize
d,s
S(d, s) :=
M∑
i=1
Ui(di)−
N∑
i=1
Ci(si), (1a)
subject to
M∑
i=1
di =
N∑
i=1
si, (1b)
0 ≤ si ≤ κ0, ∀ i = 1, . . . , N, (1c)
d0 ≤ di, ∀ i = 1, . . . ,M, (1d)
Henceforth, we will refer to every allocation (d, s) that solves (1) as efficient. In effect, such allo-
cations can be viewed as those determined by a central entity or market manager that has perfect
knowledge on the market and all participants. However, Ui and Ci are generally not available to
the market manager. Hence, is there a mechanism that allows market actors to express their preferences
in a way that it yields efficient market allocations? We consider the following market mechanism for
supply and demand allocations. Let consumer i ∈M provide to the market manager a parameter
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θid ≥ 0. Given price p > 0, the consumer is willing to buy di = D(θid, p), where
D(θid, p) := d0 +
θid
p
. (2)
The expression in (2) represents the quantity the consumer is willing to buy, given the inelastic
component d0, the market price p, and the parameter θid. The inelastic demand d0 represents the
minimum quantity the consumer must be supplied while θid/p represents the price-responsive
portion of her demand. Note that the demand bid is decreasing in price, i.e., it is downward
sloping. For ease of exposition we consider equal minimum demand among consumers in the
market. The case with distinct d0 is straightforward to generalize. Note that this assumption
does not make the consumers homogeneous as each consumer is described by a different utility
function.
Let firm i ∈ N submit to the market manager a parameter θis ≥ 0. Given price p > 0, the firm
is willing to supply si = S(θis, p), where
S(θis, p) := κ0 −
θis
p
. (3)
The supply offer (3) represents the quantity the firm is willing to supply as a function of price.
The supply offer is further parameterized in the capacity κ0, which represents the supplier’s max-
imum production capacity. For ease of exposition we consider equal capacities among firms in the
market. We refer to Figure 1 for illustrations of how D(θid, p) and S(θ
i
s, p) vary with price. Observe
that as the demand approaches d0, the consumer’s willingness to buy approaches infinity. Simi-
larly, as the supply quantity approaches the firm’s maximum capacity the requested market price
grows large.
Let θd =
(
θ1d, . . . , θ
M
d
)
and θs =
(
θ1s , . . . , θ
N
s
)
represent the collection of demand bid and supply
offer parameters, respectively. The market manager chooses price p (θd,θs) > 0 to clear the market
such that supply equals demand, i.e.,
M∑
i=1
D(θid, p) =
N∑
i=1
S(θis, p). (4)
Such choice is only possible when 1Tθd + 1Tθs > 0 in which case the market price is given by
p (θd,θs) =
1Tθd + 1
Tθs
Nκ0 −Md0 . (5)
Throughout the paper, we assume Md0 < Nκ0 and thus the market price is well-defined. In the
case where 1Tθd + 1Tθs = 0, i.e., every market participant submits a zero parameter, we adopt
the following conventions
D(0, 0) = d0 and S(0, 0) = κ0.
For markets with a perfectly inelastic demand D, the residual supply index (RSI) is often adopted
as a suitable indicator of market power. Precisely, the RSI of firm i measures the capability of
the aggregate market capacity—excluding that of i—to meet demand D. In the model considered
here, the inelastic portion of demand is Md0. Mathematically, if
RSIi :=
(N − 1)κ0
Md0
4
is strictly less than one, then firm i is said to be pivotal. See Newbery (2008) and Swinand et al.
(2010) for further details. As we show in Section 4, the presence of pivotal suppliers is critical in
the analysis of the market outcome under strategic interactions.
3 Perfect Competition
In this section, we study the market outcome assuming all market participants are pure price-
takers. We aim to establish the existence and characterization of the competitive market equilib-
rium taking into account the profit-maximizing nature of market actors. Given market price µ > 0
each consumer maximizes the payoff
piid(θ
i
d, µ) = Ui
(
D
(
θid, µ
))− µD (θid, µ) , i ∈M. (6)
Similarly, each supplier maximizes
piis(θ
i
s, µ) = µS(θ
i
s, µ)− Ci(S(θis, µ)), i ∈ N . (7)
We now proceed with our first result which shows that when consumers bid in (2) and firms offer
in (3) the market supports an efficient competitive equilibrium.
Theorem 1 Suppose Assumption 1 is satisfied. Then, there exists a competitive market equilibrium
(θ∗d,θ
∗
s , µ) satisfying:
piid(θ
i∗
d , µ) ≥ piid(θid, µ), ∀ θid ≥ 0 and i ∈M (8)
piis(θ
i∗
s , µ) ≥ piis(θis, µ), ∀ θis ≥ 0 and i ∈ N (9)
µ is given by (5). (10)
Moreover, the supply vector defined by s∗i = S(θ
i∗
s , µ) and the demand vector defined by d∗i = D
(
θi
∗
d , µ
)
is
an efficient allocation.
According to Theorem 1, under perfect competition, suppliers and demanders maximize their
payoffs and the resulting market allocation is efficient. This implies that given price µ, the firms
have no incentive to deviate from supplying s∗ and consumers have no incentive to deviate from
buying d∗. Thus the competitive market allocation is efficient and the market clearing price is
the shadow value of the constraint
∑M
i=1 di =
∑N
i=1 si. In other words, at µ the marginal social
benefit of additional output equals the marginal social cost. The preceding argument establishes
the first fundamental theorem of welfare economics: if the price µ and the allocation (d∗, s∗) constitute
a competitive equilibrium, then this allocation is efficient.1.
4 Strategic Suppliers and Demanders
In contrast to the price-taking model, we now consider a model where the market participants are
price-anticipating. Price-anticipating suppliers and consumers realize that the market price is a
1In economics the notion of efficiency is, typically, equivalent to that of Pareto optimality. In other words, a Pareto
optimal market allocation means that there is no other allocation that can make any market actor better off without
making another actor worse off.
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function of their actions and adjust their payoff accordingly. The payoff for the price-anticipating
consumer i ∈M is
piid(θ
i
d,θ
−i
d ,θs) = Ui
(
d0 +
θid
p (θd,θs)
)
− p (θd,θs) d0 − θid. (11)
Note that the payoff of each consumer now depends on the actions of all other market participants,
that are collectively incorporated in the market price. Similarly, for each firm the payoff function
depends on her action θis and the actions of all other market participants. Therefore, the payoff of
firm i ∈ N is given by
piis(θ
i
s,θ
−i
s ,θd) = p (θd,θs)κ0 − θis − Ci
(
κ0 − θ
i
s
p (θd,θs)
)
. (12)
We define the game G with M ∪ N denoting the set of players with strategy spaces Θi = R+
and payoffs given by (11) and (12). Our goal is to study the existence (and uniqueness) of the
Nash equilibria of G and provide an efficient way to compute the equilibrium. A bid/offer profile(
θ˜d, θ˜s
)
constitutes a Nash equilibrium if
piid(θ˜
i
d, θ˜
−i
d , θ˜s) ≥ piid(θid, θ˜−id , θ˜s), ∀ θid ≥ 0 and i ∈M
piis(θ˜
i
s, θ˜
−i
s , θ˜d) ≥ piis(θis, θ˜−is , θ˜d), ∀ θis ≥ 0 and i ∈ N .
We begin with the following result that illustrates how certain market parameters influence the
existence of a Nash equilibrium of G.
Lemma 1 G does not admit a Nash equilibrium if a pivotal supplier exists in the market.
In effect, Lemma 1 implies that when N − 1 firms cannot supply the entire inelastic demand
in the market, then there exists a pivotal supplier that faces a non-zero inflexible demand that
has infinite willigness to pay. This makes the suppliers’ payoff grow unbounded with respect
their action θs. Hence, a Nash equilibrium cannot exist in this case. As a consequence of Lemma
1, there cannot exist a Nash equilibrium with N = 1 since, by definition, the single supplier is
pivotal. In view of the above Lemma, we impose the following assumption.
Assumption 2. RSIi > 1 for each firm i ∈ N .
Equipped with the previous observations, we present our main result that explicitly character-
izes the unique Nash equilibrium of G.
Theorem 2 Suppose Assumptions 1-2 hold. G admits unique Nash equilibrium in
(
θ˜d, θ˜s
)
. Moreover,
the supply profile
s˜i = Si
(
θ˜is, p(θ˜d, θ˜s)
)
, i ∈ N
and the demand profile
d˜i = Di
(
θ˜id, p(θ˜d, θ˜s)
)
, i ∈M
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are given by the unique solution of the following convex program
maximize
d,s
S˜(d, s) :=
M∑
i=1
U˜i(di)−
N∑
i=1
C˜i(si), (13a)
subject to
M∑
i=1
di =
N∑
i=1
si, (13b)
0 ≤ si ≤ κ0, i ∈ N , (13c)
d0 ≤ di, i ∈M, (13d)
where
U˜i(di) :=
(
1− di
Nκ0 − (M − 1)d0
)
Ui(di) +
1
Nκ0 − (M − 1)d0
∫ di
d0
Ui(z)dz, (14)
C˜i(si) :=
(
1 +
si
(N − 1)κ0 −Md0
)
Ci(si)− 1
(N − 1)κ0 −Md0
∫ si
0
Ci(z)dz. (15)
Computing Nash equilibria is, in general, hard as shown by Daskalakis et al. (2009). Theorem
2 establishes the computation of the market allocation at the Nash equilibrium—and the Nash
equilibrium itself—through the solution of a convex program in (d, s) instead of solving M+N
problems in the actions (θd,θs), which can be cumbersome depending on the structure of the
utility and cost functions. The crux of Theorem 2 is the construction of an appropriate convex
program that yields the market allocation at the Nash equilibrium—a technique closely related
to the use of potential functions in characterizing Nash equilibria (Monderer and Shapley (1996)).
However, the functions (14) and (15) are not potentials for G, since they depend on the allocations
and not on the players’ decisions. Hence, we cannot use these functions to conclude anything
about convergence of best response dynamics to the Nash equilibrium. However, in the following
section, we exploit the structure of U˜i and C˜i to find bounds on the efficiency loss and the markup
of prices observed at the Nash equilibrium.
5 Efficiency Loss And Price Markups
The structure of the modified utility and cost functions allows us to make a number of interest-
ing observations about the behavior of strategic market actors. First, note that since Ci(si) are
assumed convex and increasing, it follows that C˜i(si) ≥ Ci(si), ∀ si ≥ 0. Similarly, since Ui(di) are
concave and increasing, for each consumer we have U˜i(di) ≤ Ui(di), ∀ di ≥ 0. In effect, strategic
suppliers misrepresent their costs functions through C˜i(si), which are greater than the true cost
Ci(si) at every si. On the other hand, strategic consumers misrepresent their utilities through
U˜i(di), which are smaller than the true utility Ui(di) at every di. Moreover, S(d˜, s˜) ≤ S(d∗, s∗) since
the maximum value of S occurs at (d∗, s∗). However, in our next result, we show that the social
welfare at the Nash is bounded below and can be relatively close to the optimal value provided
some minimum available production capacity. In order to compute bounds on price markups at
the Nash equilibrium we utilize the Lerner index ( see Lerner (1934)), which we define as
LI(θ˜d, θ˜s) := 1− 1
p(θ˜d, θ˜s)
max
i
{
∂
∂si
Ci
(
S(θ˜is, p(θ˜d, θ˜s))
)}
. (16)
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The Lerner index measures a firm’s market power and it varies from zero to one, with higher
values indicating greater market power. The following result summarizes the efficiency loss at the
Nash equilibrium and the price markups.
Theorem 3 Suppose Assumptions 1-2 hold. Let (d∗, s∗) be the socially optimal allocation from (1) and
(d˜, s˜) be the market allocation at the Nash equilibrium of G. It follows that
M∑
i=1
Ui(d˜i)−
N∑
i=1
Ci(s˜i) ≥ 3
4
M∑
i=1
Ui(d
∗
i )−
(
1− κ0
ζ
)−1 N∑
i=1
Ci(s
∗
i ), (17)
where ζ := Nκ0 −Md0 and ζ ∈ (κ0,∞). Moreover, when ζ ∈ [4κ0,∞) we have
M∑
i=1
Ui(d˜i)−
N∑
i=1
Ci(s˜i) ≥ 3
4
N∑
i=1
Ui(d
∗
i )−
4
3
N∑
i=1
Ci(s
∗
i ). (18)
Finally, the Lerner index at the Nash equilibrium satisfies
LI(θ˜d, θ˜s) ≤ κ0
ζ
< 1. (19)
In effect, Theorem 3 provides a lower bound on the social welfare at the Nash equilibrium and
an upper bound on the market price with respect to the true marginal cost of suppliers. Notice
that S(d˜, s˜) is in the worst case 3/4 of the aggregate utility less ζζ−κ0 of the aggregate costs at the
efficient allocation. We do not claim this bound is tight; there may exist an even tighter bound on
the social welfare the computation of which we relegate to future work. Higher values of ζ yield
values of the social welfare at the Nash equilibrium closer to S(d∗, s∗). The worst-case values for
S(d˜, s˜) arise when ζ → κ0, although it never reaches it. Intuitively, when the aggregate produc-
tion capacity of supply is relatively close to the total inelastic demand, then firms’ market power
increases over consumers, gradually inducing pivotalness as ζ → κ0. Specifically, for ζ ∈ (κ0, 2κ0)
the efficiency loss can be arbitrarily high, similar to that derived by Xu et al. (2016) for a market
with capacity-constrained suppliers. When ζ ∈ [2κ0,∞) the worst-case aggregate cost coefficient
in (17) is equal to two and we recover the worst-case bound of Johari and Tsitsiklis (2011) derived
for uncapacitated supply function competition. Moreover, (18) shows that provided some mini-
mum available production capacity, the social welfare at the Nash equilibrium is no lower than
3/4 of the aggregate utility less 4/3 of the aggregate cost at the efficient allocation, which is not
much lower than S(d∗, s∗). From (19) note that the Lerner index is strictly less than one due to the
non-pivotal supplier assumption. As ζ grows large, LI(θ˜d, θ˜s) goes to zero, indicating less market
power on the supply side. As Md0 approaches Nκ0, the index grows large implying high mar-
ket power since there is little available capacity to supply anything more than the total inelastic
demand.
6 Illustrative Examples
In this section we provide numerical experiments to illustrate the behavior of the social welfare
under perfect competition and strategic interactions with respect to specific problem parameters.
As shown in Section 5, the key parameter that affects social welfare is the total flexible capacity in
the market ζ.
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(c)
Figure 2: Plot (a) shows values of the social welfare with respect to ζ at the efficient and Nash equilibrium
allocations. In (b) we plot social welfare bounds for (strategic) price-responsive and perfectly inelastic
demand. Plot (c) shows how the social welfare varies with respect to the number of consumers.
Consider a market with N = 6 and M = 5. Let each consumer i ∈M have utility
Ui(di) := βi log(di), d0 = 1.
Note that the above utility function is strictly concave and increasing and attains a minimum value
Ui(d0) = 0 for every i ∈M. Moreover, every supplier j ∈ N incurs costs given by
Cj(sj) :=
1
2
αjs
2
j .
The modified utility for each i ∈ M at which the Nash equilibrium can be computed via (13)
is
U˜i(di) =
(
1− di
ζ + d0
)
βi log(di)
+
βi
ζ + d0
(di log(di)− di + 1)
Similarly, for each j ∈ N the modified cost is given by
C˜j(sj) =
(
1 +
sj
ζ − κ0
)
1
2
αjs
2
j −
1
6
(
αj
ζ − κ0
)
s3j .
Figures 2a and 2b illustrate how social welfare under perfect competition and at the Nash
equilibrium varies with respect to ζ.2 More specifically, we start with a value of κ0 = 1.1—just
slightly higher than d0 and to avoid pivotal suppliers—and increase it gradually. Observe that the
higher the value of ζ the closer S(d˜, s˜) is to S(d∗, s∗). On the other hand, the smaller ζ is, the higher
the efficiency loss at the Nash equilibrium. To gain additional insights, define the following ratio
ρS :=
S(d˜, s˜)
S(d∗, s∗)
.
2For the experiments we assumed that the vector of utility coefficients βi is [1, 1, 1.5, 2, 2] and of the cost coefficients
αj is [0.1, 0.2, 0.3, 0.4, 0.5, 0.5].
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For the special case in which the market has perfectly inelastic, non-strategic demand, we utilize
the wost-case market performance metric ρC , which is adjusted from Xu et al. (2016) and is given
by
ρC =
(
1 +
1
ζ − κ0 min {κ0,Md0}
)−1
. (20)
Figure 2b demonstrates that the worst-case value of S(d˜, s˜) occurs when ζ = 1.6 ∈ (κ0, 2κ0)
where the ratio ρS = 0.4. Immediately after ζ ∈ [2κ0,∞), the ratio ρS jumps to 0.8 and stays above
0.9 after ζ ≥ 4κ0.
Note that ρS lies everywhere above ρC except when ζ ∈ (κ0, 2κ0) where ρS =ρC . This implies
that although consumers are strategic, the market efficiency loss is lower-bounded by the worst-
case performance of a market with perfectly inelastic demand. It remains to be shown whether
this outcome holds more broadly, for any choice of cost and utility functions. Finally, increasing
the number of consumers, while keeping the production capacity constant, widens the disparity
between S(d˜, s˜) and S(d∗, s∗) as shown in Figure 2c. This illustrates the effect of increasing the
inelastic portion of demand and as such inducing higher market power on the existing set of
firms, which is also captured by the Lerner index in (19).
7 Conclusion
We studied a market with N suppliers and M consumers that compete in supply offers and de-
mand bids for a product. Our analysis showed that with a specific family of scalar-parameterized
offers/bids, the market supports an efficient competitive equilibrium. Under strategic interac-
tions, we showed there exists a unique Nash equilibrium and propose an efficient way of com-
puting the induced market allocation. Moreover, the welfare loss and the price markups at the
Nash equilibrium are bounded. Understanding how uncertainty on the supply capacity and min-
imum demand affects the market outcome is an interesting direction for future research. Fur-
thermore, a study of the market competition and efficiency loss when only one side (demand or
supply) is strategic would complete the analysis of the deterministic model. The market mecha-
nism presented here has multiple interesting applications. For example, owing to their simplicity,
scalar-parameterized offers/bids can be effectively utilized to model competition among retail
electricity customers that are becoming both consumers and producers, due to the proliferation of
distributed energy resources.
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A Proof of Theorem 1.
The crux of our derivations relies on Lagrangian duality to establish that the equilibrium con-
ditions of (8)-(9) together with (10) are equivalent to the optimality conditions of (1). We begin
with the consumer’s problem. The payoff in (6) is concave in each player’s action θid. Hence, the
Karush-Kuhn-Tucker (KKT) optimality conditions are both necessary and sufficient. An optimal
strategy θi
∗
d ≥ 0 must satisfy
∂Ui
(
D(θi
∗
d , µ)
)
∂di
= µ, if θi
∗
d > 0 (21a)
∂Ui
(
D(θi
∗
d , µ)
)
∂di
≤ µ, if θi∗d = 0 (21b)
Each supplier’s payoff is concave in the action θis. Moreover, an optimal strategy θi
∗
s must lie in
the closed interval [0, µκ0]. If not, then it is easy to show that Si(θis, µ) < 0 for θis > µκ0. Therefore,
such strategies cannot occur at the equilibrium since they yield negative payoff. As such, an
optimal strategy θi
∗
s must satisfy
∂Ci
(
S(θi
∗
s , µ)
)
∂si
≤ µ, if 0 ≤ θi∗s < µκ0 (22a)
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∂Ci
(
S(θi
∗
s , µ)
)
∂si
≥ µ, if 0 < θi∗s ≤ µκ0 (22b)
We now turn to problem (1) solved by the market manager. Associate Lagrange multiplier λ with
the equality constraint (1b). The objective function is continuous and concave over a compact
convex set. Therefore, there exists at least one optimal solution (d∗, s∗) and λ∗ ≥ 0 that satisfy
∂Ui(d
∗
i )
∂di
= λ∗, if d∗i > d0 (23a)
∂Ui(d
∗
i )
∂di
≤ λ∗, if d∗i = d0 (23b)
Similarly, the supply vector s∗ must satisfy
∂Ci(s
∗
i )
∂si
≥ λ∗, if 0 ≤ s∗i < κ0 (24a)
∂Ci(s
∗
i )
∂si
≤ λ∗, if 0 < s∗i ≤ κ0 (24b)
Primal feasibility requires
M∑
i=1
d∗i =
N∑
i=1
s∗i . (25)
Note that λ∗ > 0 since Ui and Ci are strictly increasing and there exists at least one s∗i > 0. If
the pair (s∗, λ∗) satisfies (24) and we let θis = λ∗ (κ0 − s∗i ) then (θs, λ∗) satisfy (22) and θs ≥ 0.
In effect (24) become equivalent to (22). Similarly, if the pair (d∗, λ∗) satisifes (23) and we let
θid = λ
∗(d∗i − d0) then (θd, λ∗) satisfy (21) and θd ≥ 0. In this case, (23) become equivalent to (21).
Finally, the market clearing condition in (25) yields λ∗ = µ. Hence, (θd,θs, µ) is a competitive
equilibrium. Now suppose that (θ∗d,θ
∗
s , µ) satisfy (21),(22) and (5). Let si = S(µ, θi
∗
s ) for i ∈ N
and di = D(µ, θi
∗
d ) for i ∈ M. Then, it is easy to verify that the vector (d, s) satisfies (23) and (24).
Therefore, (d, s) is an efficient allocation.
B Proof of Lemma 1.
Let firm i be a pivotal supplier. Then it must hold
RSIi =
(N − 1)κ0
Md0
< 1, (26)
i.e., the total production capacity less that of i’s is less than the total inelastic demand in the market.
In this case, the first derivative of the supplier’s payoff becomes
∂piis(θ
i
s,θ
−i
s ,θd)
∂θis
=
κ0
Nκ0 −Md0 − 1 + (Nκ0 −Md0)
∂Ci
∂si
(
1Tθd + 1
Tθ−is
(1Tθd + 1Tθs)2
)
> 0. (27)
Therefore, the payoff is strictly increasing in the action θis and grows unbounded. A Nash equilib-
rium does not exist.
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C Proof of Theorem 2.
We break the proof into five steps. First, we show that any Nash equilibrium has at least two
positive components and we derive the necessary and sufficient conditions for such equilibrium.
Next we establish the existence and uniqueness of the market allocation at the Nash equilibrium
and derive the optimality conditions for (13). We show that under the demand bid (2) and the
supply offer (3) the equilibrium conditions of all players become equivalent to the optimality
conditions of (13). Finally, we establish uniqueness of the Nash equilibrium.
Step 1. Any Nash Equilibrium Has at Least Two Positive Components.
First, it is straightforward to see that 1Tθd + 1Tθs = 0 cannot occur at the Nash equilibrium
since Nκ0 > Md0 and therefore the market does not clear. Next, we consider two cases. First,
assume that 1Tθd = 0. Fix firm j and let 1Tθ
−j
s = 0. Note that, in this case, θ
j
s > 0 is not possible
by the non-pivotal supplier assumption. A Nash equilibrium cannot exist with all consumers
bidding zero and all but one supplier offering a strictly positive θis. Second, assume 1Tθs = 0. Fix
consumer j and let 1Tθ−jd = 0. Then, θ
j
d > 0 implies dj > d0. Hence, consumer j faces a total
available residual supply equal to Nκ0 −Md0. In this case, the payoff of consumer j is given by
Uj (d0 +Nκ0 −Md0)− d0
Nκ0 −Md0 θ
j
d − θjd, (28)
which is strictly increasing as θjd becomes small and attains its maximum when θ
j
d = 0. Thus
for any θjd > 0 there exists an infinitesimally smaller and positive θ
j
d that yields higher payoff.
Moreover, by definition Uj(0, 0) = U(d0) = 0. A Nash equilibrium does not exist in this case.
Hence, at the Nash equilibrium, the vector θ = (θd,θs) has at least two positive components.
Step 2. Necessary and Sufficient Nash Equilibrium Conditions. Having shown that any
Nash equilibrium must have at least two positive components, we only focus in the region where
1Tθd+1
Tθs > 0. Note that, for each consumer (firm), her payoff is strictly concave in the action θid
(θis). Hence, the KKT optimality conditions are both necessary and sufficient. Moreover, we must
have
0 ≤ θ˜is ≤ θimax :=
κ0
(N − 1)κ0 −Md0
 M∑
i=1
θid +
N∑
j 6=i
θjs
 ,
in order for S
(
θ˜is, p(θ)
)
≥ 0. We have the following equilibrium conditions.
A demand profile θ˜d =
(
θ˜1d, . . . , θ˜
N
d
)
is a Nash profile if and only if
(
1− D(θ˜
i
d, p(θ˜d, θ˜s))
Nκ0 − (M − 1)d0
)
∂Ui
(
D(θ˜id, p(θ˜d, θ˜s))
)
∂di
= p(θ˜d, θ˜s), if θ˜id > 0 (29a)
(
1− D(θ˜
i
d, p(θ˜d, θ˜s))
Nκ0 − (M − 1)d0
)
∂Ui
(
D(θ˜id, p(θ˜d, θ˜s))
)
∂di
≤ p(θ˜d, θ˜s), if θ˜id = 0 (29b)
A supply profile θ˜is =
(
θ˜1s , . . . , θ˜
N
s
)
is a Nash equilibrium if and only if1 + S
(
θ˜is, p(θ˜d, θ˜s)
)
(N − 1)κ0 −Md0
 ∂Ci
(
S(θ˜is, p(θ˜d, θ˜s)))
)
∂si
≤ p(θ˜d, θ˜s), if 0 ≤ θ˜is < θimax (30a)
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1 + S
(
θ˜is, p(θ˜d, θ˜s))
)
(N − 1)κ0 −Md0
 ∂Ci
(
S(θ˜is, p(θ˜d, θ˜s)))
)
∂si
≥ p(θ˜d, θ˜s), if 0 < θ˜is ≤ θimax (30b)
The equilibrium conditions (29) and (30) are derived from the KKT conditions of each player’s
payoff maximization problem, where the payoff of each consumer and supplier is given by ex-
pressions (11) and (12) respectively.
Step 3. Existence and Uniqueness of the Nash Market Allocation. Equipped with the above
relations we now proceed to the market manager’s problem. Note that U˜i(di) is strictly concave
and C˜i(si) is strictly convex. Hence, the objective function S˜(d, s) is continuous and strictly con-
cave over a compact set. Specifically, the Hessian matrix H of S˜(d, s) has diagonal elements
hii =

∂2U˜i(di)
∂d2i
< 0, for i = 1, . . . ,M
−∂
2C˜i(si)
∂s2i
< 0, for i =M + 1, . . . ,M +N
(31)
and hij = 0 for i 6= j. Hence, H is negative definite and there exists a unique optimal solution
(d˜, s˜) to (13).
Step 4. Necessary and Sufficient Conditions for the Market Allocation. Let (d˜, s˜) be the
unique optimal solution to (13). There exists a Lagrange mutliplier λ˜ such that(
1− d˜i
Nκ0 − (M − 1)d0
)
∂Ui(d˜i)
∂di
= λ˜, if d˜i > d0 (32a)
(
1− d˜i
Nκ0 − (M − 1)d0
)
∂Ui(d˜i)
∂di
≤ λ˜, if d˜i = d0 (32b)(
1 +
s˜i
(N − 1)κ0 −Md0
)
∂Ci(s˜i)
∂si
≥ λ˜, if 0 ≤ s˜i < κ0 (32c)(
1 +
s˜i
(N − 1)κ0 −Md0
)
∂Ci(s˜i)
∂si
≤ λ˜, if 0 < s˜i ≤ κ0 (32d)
M∑
i=1
d˜i =
N∑
i=1
s˜i. (32e)
Note that since there is at least one s˜i > 0 and Ui and Ci are strictly increasing, then λ˜ > 0.
Consider the action vectors θ˜id = λ˜(d˜i − d0) for i ∈ M and θ˜is = λ˜(κ0 − s˜i) for i ∈ N . Note that
θid ≥ 0 and θis ≥ 0 for every consumer and every firm respectively. Suppose now that di > d0 and
dj = d0 for j 6= i and let si = κ0 for i ∈ N . This implies that di = d0 + Nκ0 −Md0. Then from
(32a) we have λ˜ = 0. However, we have
∂Uj(d0)
∂dj
> 0 for each j ∈ M. Therefore, (32b) cannot
hold for every j 6= i. Thus, the vector
(
θ˜d, θ˜s
)
cannot have all components zero except one θid > 0.
Similarly,
(
θ˜d, θ˜s
)
cannot have all components zero except one θis > 0 for some firm i ∈ N . This is
obvious by the non-pivotal supplier assumption since it holds (N−1)κ0 > Md0 for every supplier
i. Hence, at least two components of
(
θ˜d, θ˜s
)
are positive. Moreover, since s˜i = κ0 if and only
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if θis = 0, s˜i = 0 if and only if θis = θimax, then it is not hard to see that (32) become equivalent to
(29)-(30). Hence, the action vector (θ˜d, θ˜s) is a Nash equilibrium. This also establishes existence of
the Nash equilibrium.
We now reverse the argument. Let (θ˜d, θ˜s) be a Nash equilibrium profile. That is, it satisfies
(29)-(30). Therefore, it has at least two positive components and p(θ˜d, θ˜s) > 0. Define the demand
allocation d˜i = d0 +
θ˜id
p(θ˜d, θ˜s)
for i ∈M and the supply allocation s˜i = κ0 − θ˜
i
s
p(θ˜d, θ˜s)
for i ∈ N . It
follows that (d˜, s˜) satisfy (32) with λ˜ = p(θ˜d, θ˜s).
Step 5. Uniqueness of the Nash Equilibrium. We have shown that all Nash equilibria yield
a unique market allocation. Uniqueness of the Nash equilibrium follows from the fact that the
transformation from (θd,θs) to (d, s, λ) is one-to-one.
D Proof of Theorem 3.
Step 1. Bounding the Price Markups To derive the upper bound on the Lerner index we note
that at the Nash equilibrium there exists at least one firm such that Si
(
p(θ˜d, θ˜s)
)
< κ0 or θ˜is > 0.
Therefore,
p(θ˜d, θ˜s) ≤
1 + S
(
θ˜is, p(θ˜d, θ˜s)
)
ζ − κ0
 ∂Ci
(
Si
(
θ˜is, p(θ˜d, θ˜s)
))
∂si
≤
(
1 +
κ0
ζ − κ0
) ∂Ci (Si (θ˜is, p(θ˜d, θ˜s)))
∂si
≤ ζ
ζ − κ0 maxi
∂Ci
(
Si
(
θ˜is, p(θ˜d, θ˜s)
))
∂si
 .
(33)
Utilizing (33) and substituting in the expression of LI(θ˜d, θ˜s) yields the bound in (19).
Step 2. Bounding the Social Welfare. Let x = (d, s) and x˜ = (d˜, s˜). In this step we aim to
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bound the social welfare at the Nash equilibrium, i.e., S(x˜). Specifically,
S(x˜) ≥ S(x˜) +
M+N∑
i=1
∂S˜i(x˜i)
∂xi
(x∗i − x˜i) (34a)
= S(x˜) +
{
M∑
i=1
∂U˜i(d˜i)
∂di
(d∗i − d˜i)−
N∑
i=1
∂C˜i(s˜i)
∂si
(s∗i − s˜i)
}
(34b)
= S(x˜) +
M∑
i=1
(
1− d˜i
ζ + d0
)
∂Ui(d˜i)
∂di
(d∗i − d˜i)
−
N∑
i=1
(
1 +
s˜i
ζ − κ0
)
∂Ci(s˜i)
∂si
(s∗i − s˜i) (34c)
≥ S(x˜) +
M∑
i=1
(
1− d˜i
ζ + d0
)(
Ui(d
∗
i )− Ui(d˜i)
)
−
N∑
i=1
(
1 +
s˜i
ζ − κ0
)
(Ci(s
∗
i )− Ci(s˜i)) (34d)
≥
M∑
i=1
Ui(d˜i)−
N∑
i=1
Ci(s˜i) +
M∑
i=1
(
1− d˜i
d∗i
)(
Ui(d
∗
i )− Ui(d˜i)
)
−
(
1 +
κ0
ζ − κ0
) N∑
i=1
(Ci(s
∗
i )− Ci(s˜i)) (34e)
≥
M∑
i=1
( d˜i
d∗i
)2
+ 1− d˜i
d∗i
Ui(d∗i )− ( ζζ − κ0
) N∑
i=1
Ci(s
∗
i ) (34f)
≥ 3
4
M∑
i=1
Ui(d
∗
i )−
(
ζ
ζ − κ0
) N∑
i=1
Ci(s
∗
i ). (34g)
Inequality (34a) follows from the optimality conditions of (13) while (34c) from the definitions of
U˜i and C˜i. Inequality (34d) follows from concavity of Ui(di) and convexity of Ci(si). Step (34e)
follows from the fact that d∗i < ζ+d0 for every i ∈M and s˜i ≤ κ0 for every i ∈ N . Inequality (34f)
follows from concavity of Ui(di) and that
Ui
((
1− d˜i − d0
d∗i − d0
)
d0 +
d˜i − d0
d∗i − d0
d∗i
)
≥
(
1− d˜i − d0
d∗i − d0
)
Ui(d0) +
d˜i − d0
d∗i − d0
Ui(d
∗
i )⇒ Ui(d˜i) &
d˜i
d∗i
Ui(d
∗
i ).
The last inequality follows from minimizing the expression y2 − y + 1, which is minimized for
y∗ = 1/2, where y = d˜i/d∗i . Finally, note that
(
ζ
ζ − κ0
)
is a decreasing function of ζ. Hence, when
ζ ∈ [4κ0,∞) the highest value of
(
ζ
ζ − κ0
)
is 4/3.
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